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NOTATION

Total thrust
Tangential force in non-viscous flow
Total power

Pitch

Number of blades of one of the propellers
Diameter

Non-dimensional radial coordinate
Distance of the two propellers
Contraction ratio

Ship speed

Effective wake factor

Integrated effective wake factor

Local veloclty of advance

Thrust deduction factor

Integrated thrust deduction factor

Axlal comporent of the induced velocity

Tangential component of the 1nduced veloclty

revolutions per second
Advance ratilo

Angular velocity

Thrust loading coefficlient in non-viscous flow




Cp = P
9 2 3
-é-R "TVq
Cr
€= cp/eg
G = zT/AD vy
(PC)
b
g
i
Indices:
1
2
s

iv

Power losading coefficlent in non-viscous flow

Lift coefficient of any section
Drag-1ift coefflcient of any section
Bound circulation of one blade

Non-dimensional bound circulation of one of
the propellers

Propulsive coefflicient
Average factor
Distance factor
Induction factor

A bar means an average value taken either
circumferentially or radially

Front propeller
Rear propeller
Self induection
Interference induction

Hub
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INTRODUCTION

Known theorics of a contra-rotating propeller are elther
restricted to uniferm inflow (1)# or include arbitrary assumptions
concerning both the applicability of the Goldstein function and
the orientatlion of the resultant induced veloclty relative to the
free vortex sheets (%, 3). These assumptions are avolded in the

following considerations which make use of the so-called induction
factors of vortex rheets.

A criterion for optimum flow, expressed in terms of the
dir:ction of the free vortex sheets, ls obtained from first order
censiderations. This criterion leads to a non-linear integral
equation for the optimum circulation or, approximately, to a set
of non-linear algebralc equations for the Fourier coefficients of
the circulation. For uniform inflow, the free vortex sheets
become of a true helical shape and the equations for the
¢irculation reduce to a linear system.

A design method, which follows from the conslderations, is
outlined taking approximately into account the effects arising
from the difference of the wake at the propeller discs and from
the contractlion of the r.ce between them.

Finally, the optimum circulation obtained by Theodorsen for
uniform inflow by means of an electrical analogy (1) is compared
with the result from the developed relations.

)
%

The numbers in parentheses refer to the 1list of references on
page 22




2

GENERAL CONSIDZRAT.ONS

The flow at elther propeller of a contra-rotating pair
arises both frcm self inductlion and from interference induction
(Figure 1),

At the front propeller, the Iinterference cause. an increase
of the axial component of the relative velocity. There is no
interference effect on the tangential component, as follows from
Stokes!' law.

At the rear propeller, both the axial and the tangentlal
compcnent of the relative veloclty are lncreased by interference.

The following assumptions are made when establishing
expressions fecr the flow components and for the generated forces:

(1) The shape of the vortex sheets 1s dstermined by the
relative flow at the disc. This assumption requires boti that
the propellers are moderately loaded and that the wake doe3 not
appreciably change in the axlal directicn.

The first holds sufficlently if secor® and higher powers
of the induced velocity may be neglected, ti 3sescond if the
frictlional part of the wake is predomlnan©.

(2) The self and mutual interference of he free vortex
sheets may be neglected.

(3) The blades may be replaced by lifting lines and
corrections for 1lifting surface effects may be Inticduced
afterwards.

{(4) The induced velocity components may be cunaicered
time averages, l.e., osclllations in both angle of attac‘ and
magnitude of velocity are not taken into account.

(5) The bound circulation may be represented by a Fourior
sine series.

(6) The propellers harz an equal number of blades. This
latter assumption can be easi'y removed if deemed necessary.
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COMFONLNTS OF THE RELATIVE VELOCITY AND OF THE FORCES

From Flgure 1, the components of the relative velocity at
& blade element are for the front screws

axial v o+ (Was)l + (wai)l

tangential or ~ (wts)

1

and for the rear screw:

axial = v + (was)2 + (wai)2

tangential S Wr - [(wts)2 - (wti)z]

The interference velocitles are conslidered clrcumferential averages,
from assumption 4. These averages are obtained when multiplying
the maximum value of the respective induced veloclty component,
which 1s induced at a bound vortex, by its average factor f and
when introducing a second factor g to represent the change of the
average In the vicinity of the disc., Correspondingly, the

Interference veloclties may be expressed by the self-induced
velocitlies as follows:

(y)y = (w0 () [ - te, ) o, o - teaie]

(wti)l =0
(Wagdy = (ngg)y (fa)y [L ¢ (ea)y]= )y [B + (ea),]

(npy)p =2 Orgg)y (1)) [L o+ (eedy]= 2 () [L+ (&)

The factor 2 within the last relation arises from the discontinuity
of the tangential component of the self induced velocity.

To approximately determine the factors g, each propeller is replaced
by a uniformly loaded sink disc and

(gg)1 3 (2a)g

is assumed, 1l.e., symmetry of the gradiznt of the axlally induced
flow relative to the disc i1s assumed. FPFrom the known potential

v——r—




of a sink dlsc 1t develops that

11 3 1 5 1 35 1
- = o= = F o— = = — * = oo
Ba = 1 - cos 9[2 p2-% v 2" 75 6% a8 B Te ]
1 1 ' 1 1 ¢, 5 1 _i
+ sin © = ZyPp=w——= NPy P - - .o
B = La p427 75 1674 "Teg v T6 T Y ]

if b>1 and

- 1.3 3.5 .
ga-l-cose[Pl-bP2+-2-b P4-§b Pellﬁ»-...]

sine [P -1vp +1p3p 1% Pl 4~ e
t [1 e 2 8 4 16 8

Lif bel.

The functions P, are the Legendre polynomials of the argument

cos & = _QZE__
b

where

b = x2 - (4/R)%

and where d represents the axial distance of the two propellers.
The prime means the derivative of P_ reletive to @. The factor
g, 1s represented on Figure 2 as a = function of x and d/R. The
diagram indicates that the change of the axial component i1s rather
great in the vicinity of the digc. This behaviour may necesslitate

replacing the approximations [1? by more rigorous expressions
taking into account the non-unitorm loading of the disc.

The factor g, depends on contraction and is assumed to be zero for
the present.’ This assumption will be cecrrected on page /&,
CORRECTIONS FROM THE WAKE DIFFERENCE AND FROM THE RACE CONTRACTION.

The average factor fy follows from Stokes! law. If (zT)
represents the total bound circulation of one of the propellers,

.
v———




this law ylelds the resuits
2rar(2w, ) fp =2rT(@w ) =27
from which it follows that

(o) g, s s __ET
Vigg 4 rﬂ(wts)

The average factor of the axlal component, viz.,
fa = (Was)
(was)
is not yet reliably known. Work for its determination has

been Initiated on a basls of tte Blot-Savart integral for semi-

Infinite helical vortex lines. Ve put tentatively untll accurate
results are avallable:

(3] £,

¢ fto

Ty

From these relations, it follows that tt. pliches of the free
vortex sheets are slightly different for ‘he front and rear
propeller. To simplify, vortex sheets of ~qual shape are assumed
the pitch of which may be taken as the meci. value of (taq/fi)land

(tand, 2.

A further simplification arises from the requirement that the
torque of the front propeller equals that of the rear propeller.

Prom the law of moment of momentum this condition 13 satisfied
if ’

[4] (z)) = (27, = (a7)

The assumptlion involved, viz., that the propellers have equal
diameters will be removed in CORRECTIONS FROM THE WAKE DIFFERENJE
AND FROM THE RACE CONTRACTION on page 12 . The bound circulatiois
of the two propellers being equal functlons of x, the circulatlon:
of the free vortex sheets are also equal. Since the slight
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diflerence betwcen the pitch of these sheets 1s disregarded,

the respective components of the induced velocltlies become equal.
That is

it
1]

(Wag)1 (Waglg = Wy

(Wgs)y = (Wpglg = Wy
With these simplifications, the following expressions for the
componants of the relative veloclty are obtalned =

for the front gscrews

axial = v + w, [1 + £, (1 - ga)]

[ ] tangential = @r - w,
5

and for the rear screw:

axial = v + wy [1 + £o (1 ¢ ga)]
tangential =@r - Wy (1 -2 ft)

Introducing a non-dimensicnal circulation, viz.,

w2l
[6] ¢ D vg

the thrucst coefficlent and the power input coefficlent of the

contra~rotating propeller are obtalned from the law of Kutta-
Joukowsky as follows:

1
* o X wi
7 ch = 8 Gl== 2 (1~ 1f¢) |dx
[] T [ [As Vs
Xh
1

8 / G|(1~w + 221+ fa) xax

]
. |

pem ]
®

—
o]
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1

p V)
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The loading coefficlents so ascertained are slightly different
from the glvea values cq or c¢p, respectively, from reasoens which
are discussed in CORREC%IONS OM THE WAKE DIFFERENCE AND FROM THE

RACE CONTRACTION on page 12.. Within these expresstons, the average
facters are determined from the relation

[°] fg % e

2x  wyg

fa
Vg

Further, the self induced veloclties wy, and Wy are related to G by
the following expressions:

1
’ . ,
Ya . 1 ! i _1 1 dx, = 1 nggh;‘n
Vs 2z dxy X=X, z(1l-xy) m=1
1
&
Vg 22 dxe X-Xo z2(1-xp) ™
*h

.

The functione 15 and 1 are the induction factors of the free
vortex sheets as definfd in (4). The functlons enter when the
integral on the right hand side, which 1s an impropér integral, is
evaluated. These functions are related to the induction factgrs,
the relatlons having been developed in (4). . By the factors Gp,
the coefficlents of G are denoted when G is represented by a
Fourler sine serles within the interval x # xp and x = 1.

CRITERION FOR CONTRA-ROTATING PROPELLERS OF MINIMUM LOSS OF
KINETIC ENERGY

The equstions [7]to [10] together with an assumption on the
thrust deduction factor suffice to treat the varlational problem
of a contra-rotating propeller operating in a glven wake fleld,
viz., to determine the coefficients of the Fourler series for
G(x) such that the useful work becomes a maximum value for a glven
power input. However, this problem of determining the optimum
circulation function in a direct way is laborious for a finite

——— .



number of blades and is not solved he.z2. 1Insteid, & relation
betwoen &, und & is deduced for optimum flow from which the
circ ilatidn function follows afterwards.

From considerations on moderately loaded single propellers,
1t 13 known that the f'orm of the optimum relation between/fi and
A 1s independent of the number of blades. This enables Qs
to consider propellers with infinitely many blades by which the
deduction of the relation is greatly simplified. We apply the
rule that the elementary propulsive coefficient which 1s related
to an increment of circulation is independent of the radius for
optimum flow, see (4). If the increments of the forces which
arise from the increment of circulation, A(sT'), are denoted by Aar)
and A{dQ), respectively, the rule reads:

AT v 1 - 8(x) = ¥,
AcQ) ar 1 - w(x)

the constant k being independent of the radlus x.

To establish A(dT) and A(dQ) we write Tvom the law of Kutta-
Joukowsky for infinitely many blades, i.e., for £y = fy = 1

dT = dTy + 4Ty = 2(z1i)far ar
dQ = dQ, + 4@, = 2(zp) p (v # 2 wy) dr

It follows that

A(ar)

Efor Az dr

and that
AldQ) = 2p [(v v 2wg) + (22 _A_'_'a_.___] A(zP) dr
A(zT)

A relation between w, and (zI) 1s obtained from the law of momentum.
Neglecting terms of second power of W, tbls relation reads:
w, § L& (zp) (1 - t)
v

a—

4r Jc




Then,

A(Q) $2p(v + 4w) A(zD) dr

4nd the optlimum condition becomes

wr v_ozge 1 - w(x)
v+dw, @r 1 - t(x)

Since the axial velocity in the slipstream far aft equals
Veo = Vg (1 - w) + 4wy

the condition means that

. .Xi_[l-ut(x)]

= e

If the change of t{x) over the radlus is considered small so that
t(x) & $ tys the condition requires that the axial velocity within
the sl ipstream far aft is 1ndepenrndent of the radius for infinitely
many blades. These relations are approximations which include
assumption 1, viz., that the change of the wake in the axial

direction may be neglected.

To express the minimum condition by the pitch of the free vortex
sheets we consider the average of the pitches of the two sheets.
To the first order, this average for infinitely many blades
amounts to

tan &,

VvV + 2w,

ofie

wr

Since, to the first order

wr 2 wr v
v+ 4wy v o+ 2 wg) ar

the opcimum condition may be written as

2] tan #, = tand m

\
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That s, the mean pitch of the vortex sheets of a contra-
rotatlne propeller follows to the first order the same law in
the optirum case as establishad previously tor a single wake
adapted optimum propeller, see (5). However, the optimum
clrculation function of the contra-rotating propeller differs
from that of a single wake adapted propeller as seen from the
following sectlon,

DETERMINATION OF THE CIRCULATION FUNCTION FOR OPTIMUM FLOW

Analogous to single propellers, the optimum relatlon as
expressed by {11] 1s considered independent of the number of
blades, Then, the optimum circulation function G(x) i1s obtained
for a finite number of blades when equating two expressions for
tan/¢r1 viz., the minimum condition [1IJ and the geometric relation;

taqféz

v
v+ wg (1 # fg) -ar wg(l - fy)

o jio

er - 2w (1 - ft)

This latter expression is a first order approximation for the

mean value of (tan ) and (tan/‘&)z for & finite number of blades
which followg from’ [5).%

Introducing [9] for the average factors and equating, the relation

Bl-w)- i_ p(X)] [wa +)s (1~w)-2_%_(x_)]

X
Yt [)i (1 -w)- 2 p(x)]- Wa

Vg X k

1s obtained within which
= LIix)
p(x) = tan X - 35 (1-w){1-t)
1 - w(x) X

1s considered a known function of the radius.

Expressing w_, and w, by the lntegral representation of [DO] an
integro- differentia& equation 18 deduced for G. An approximate
solution of this equation becomes possible when utilizing the sums
of [1Q for w, and wy. Thls leads to-.the following system of
algebraic eguations for the Fourler coefficlents G, of G
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[1:3] L = 2, G (Mp_y = Fm,x)

where

Cm g% Ix . opx))- 8
Mm’x z mXI"Xh k
wo (A . p(x)
N, oo (1o x,) Snng |la (4 Dy
’ 2x L X l-xh k

This relation is satisfied at m statlons x in order to obtain
m equations for m coefficlents of the Fourler serles:

[13} G-‘-z ¥ sin n ¢

m=1 M
where
1 1
x s =(1 ¢ %)~ = (1 - x cos
= n)- 5 (1 - x,) cos @

On the right hand side of [12], the ratio w%//wt is not
expressed by the sums of equation [10]. The reason is to avoid
the numerical solutlon of non-linear equations for the

coefficlents G;o This can be done wher introducing for w%//%t
as a flrst approximation the relation
Wa = 1 - k
Wy tands  p(x)
“

b4

1.e., assuming the condition of normality to be satisfied.

This approximation may be corrected by successive solutions
of the system [}2] o

It should be mentioned that the essential difference between a
contra~rotating and a single wake-adapted optimum prgpeller,
which 1s treated in (4), lies in the equations for G?. These
equations are non-linear for the former and linear 8 the latter.
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CORRECTIONS FROM THE WAKE DIFFERENCE AND FROM THE RACE CONTRACTION

So far, the finlte distance of the propellers has been taken
into account by the distance factor g. The possible difference
between the wakes at the positlons of the propellers has been
neglected and the radius ol the streamlines has been assumed to be
constant. Both the wake difference and the finite distance
necessitate satisfying the equation of continuity within the space
between the propellers. Corrections on the lnduced veloclity
components ensue and the diameters can no longer be assumed egqual.
With different diameters, slight changes of the bound circulation
become necessary in order to maintain the condition of an equal
torque for each propeller. We introduce the wake factor wj 1in the
plane of the front propeller and the factor wo in that of the
rear propeller so that

vy = vg (1 - wl)
Vo = vg (1 = wo)

We assume that the wake does not change on the front propeller,i.e.,
that the wake factor wy Is identical with the quantity w used in the
foregoing considerations., Then, the results _for both the self
induced velocities from [10] and for G from [12] hold for the front
propelle. since it will be seen that the slight change of the

pitch of the free vortex sheets which ensues on the front propeller
from the changes on the rear propeller may be neglected.
Correspondingly, the index 1 1s attached to these quantitles and

the non-dimensional clrculation Gy igs defined by

[14] 6, = (2Tl
1TD1 Vg

¥

G

The equation of continuity requires the race to contract. A
streamline which passes through equal radli on both propellers

when ignoring contractlion will now pass through the radius ro at
the rear propeller. We write

[15] ry = ry{l -4)

and consider both Jand d d small quantitiss. The so related
aI’l -
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radii are denoted "corresponding® radii.

The questlion arises how both the self Iinduced velccitles and the
interference velocitles, as determined from [10] &nd[5] on a basis
of an equal wake wy, change when the wake at the rear prcpeller 1is
different from wy.” The slgniflcant changes occur at the rear
propeller. Relative to lts self induction this problem is
essentially that of a change of the induced velocity components
when propeller's of slightly different values of diameter, bound
circulation and pitch of the free vortex sheets are considered.

Let the bound circulation be (zP) and (zT)s on corresponding radii
of the front and rear propeller, respectively. We write

[16] (2T)p = amy (1 +€)

Both€and d 3% % are small quantities. From the integral representation
ary

of [101 1t follows for the axlally self induced component at the rear

propeller, e.g., that

Ro
(w_ . ). = 1 4 ZTb(Pg) (1g)2 d{rylg
as’o 272 dI‘2 ro - (ro)2
Th

- Ry
d(ZT')l (1...‘)4- Q‘(z‘r)l i ) + )( a)le)(ia)l
Y 3{1'_0)
v, \F
ro d(ro)y
Ax —%> r| - (ro)l

) in [15] may be replaced by 1lts mean value Z. Then
AfTro\= 0. Purther, the induction factors do not change

1,
a——
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appreciably when the pitch of the fre- vortex sheets changes
slichtly so that the ter~ containing (i)l may be neglected.

19/1
Ir. addition, the product ggf(zr)l 1s small of second order since

dr
both EJZ and (zT')1 are small, the latter because of moderate

dr
1 —
loading. If<&is replaced by its mean value & the self induced

velocitles at the radlus ro of the rear screw are approximately
related to those at the corresponding radius of the front screw by

(1+8) (1 42) (Wag)p

offo

(was)z

(1 +4d) (1 +.8) (we)y

oito

(wts )2

From these equations, the afore mentloned slight change of the
pitch of the free vortex sheets on the front propeller follows.

The reason for the change 1s that the interference from the roar
propeller is different when the self 1nduced velocltles of the
latter are different. However, this effect may be neglected
because of the negligible varlation of theri duction factors

which 1s involved so that the result from ,la obtained with

wq = w 1s sufficiently accurate for the self induction on the front

propeller.

To deterrine the interference velocities from the expressions for
the self induced veloclties the changes of th~ factors f and g must
be known. The change of the average factor f on the rear propeller
arises trom the changes of the circulation, of the radius and of the
self induced veloclty. It follows from [? s however, that the
resultant chauge of £ 1s small of second order so chat

fi (rz) Ty (rl)

otle

fa (rg) 2 £y (rq)

of fo

The change of the distance factors gy and g_ arises from the
contraction of the slipstream. For the faktor ga, the effect .s
included in equations [1] since these equations represent the
rigorous solution for the inflow to the sink disc. For the front
screw, go 1s determined at the radius ry and for the rear screw at

the radius Ty However, the accuracy of these equations 1is lsss for
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the flow behind a propeller than ir froni because of the agsumed
symmetry of the gradient of the axially Induced flow. Because of
this, the approximation

ggirg) 2 gy(ry)
is considered to be in accora withthe applicabllity of equations Eq-
The effect of contraction on the factor g 1s established from
the law that the circulation remalns unaltered bn a contracting

streamline.

The components of the interference lnduction are then related
to the self inductlon as followss

(woag)y = (Fg), (1 - g4)
(Wey)y =0
(W) * (Woo)y (118

(wey)p = 2(W ), (1 48)

From these expressions for the self and interference Inductlon the
components of the relative velocity follow at corresponding radii.
One obtains

for the front screw (radius rl)

axial = vy + (wgg)q + (W)

Vg (1 -w1)+(was)1 [1 + fa(l +Z)(1+f) (1 - ga)]

[17]
=vg Ay

tangential = Qr; - (wts)1
for the rear screw (radius r2 corresponding to rl)

axial = v, + (was)2 + (wai)z
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1]

ve(l = w )'f(was)l [(1 bZ) (1 +4) 4 £g (L + ga)]

&

:Vs Ag

tangential = &r, - (wts)z + (wti)z

er (1 "'5) - (th)

ik

1[(1 +4) (148) -2 1,1 +}f)]

where (w and (wts) are the result from [10] with w = w) and » = ry.

as)l 1
The contraction § (r,) 18 ascertalned from the equation of
continulty which reads }or an annular element as follows:

[vl + (E)l + (wai)l] rydry ==[v2 + (Wa_s_)g + (wai)z] I‘zdr2

—

Introducing the expression [15] and the relations for (was) and (wai)

a first order linear differentlal equation for & is obtalned when
neglecting terms which are small of second order. Determining the
constant of integration such that d= 0 for Xy = (xh)l the solution
is represented by the following integral:

X

' (Wqy=w,) +(____1was) f [ §+ € ]
[IB]S*—LZ xy —— 2 Vs i AL BB W
%) (1-wy) + (wgg)y fa [2 H(F 424 g0
(xp)y Vg

It remains to establish a relation for the function Z(rl) which

follows from the condition of an equal torque for each propeller.
From the law of Kutta-Joukowsky the balance requires that

- AL 1
4
Ag 1 - z.f-xlﬁl
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This equatlion 1s In accord with the law of moment of momentum whlcﬁ

necessltates that 4= O 1f the propellers are very close together ,
toes, If bothd= 0 and g, = 0.

The functlons 4 ad &are interrelated within 18] and[lQ]. These
equatlions_may be solved In successlive steps assuming in the first

step 6, & and 2 to be zero. The solutions for g (x1) mad 4 (x1) so
cbtained lead to first approximations for & and with which
Improved values of §(xp) and G(x1) follow.

With :'being known the change of the diameter may be determined which

is required by the equation of continuity. Thls equatiorn is satisfled
if

[20] 132/1>1=(1-J)xl‘,,1

Finally, the alteration of the total thrust may be ascertained which
ensues from the changes under consideration. Between the thrust
coefficlient c% as follows from |[7] and the coefflclent cp obtained

from the law of Kutta-Joukowsky when introducing equations [;5] to
[17 the approximation

[21] ep % cg [1 - (J'~ _gi) ]

holds.

DESIGN PROCEDURE

From the developed relations, a design may proceed in the
following way considering the total thrust a given quantity which
1s denoted c,,. The first step 1s to solve the algebralc equations
[12} for the coefficients G¥ assuming several values of the constant
k and to determine k such Egat the, thrust coefficient cg 1s obtained
from [7] . The quantity_c¥ in [7] 1s related to the required quantity
Cp by [21]0 Stnce both d and €, are unknown when beginning the

calculation an estimate 1s necessary to determine cg. A slight
increase of cp will usually be sufficient to satisfy [Zg.
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Tae ccnstant k 1s approximatsly ascertalned by the
following relation, see (5)¢

.

k3 (pc) | [1%
1-t,
so that .
p(xq! . )s 1 - to ,1 - w(x,)
tan/égi = by
k Xq (PC) l-w

(o)

These relations make 1t possible to approximately determine k
and tan,c?i from estimated values of both the propulsion

coefficient end t . The assumption t(x) * t_made in the
expression for tan,]& can be improved utiliz?ng results of (6).

However, the influence of thls assumptlon on the coefficlents G;
is small.

With this flrst epproximation for tan/ﬁz the functions 1 and

h_ are established in a way which is analogous to_that shown in (4)
B a single propeller. Next, the equations 12] are solved and
the circulation functlon G(x), which is identical with G (xl), is
calculated from [13], The gomponents of the selfl induce& velocity
folisw from the sums of flO . The average factors are then known
from [9] and the thrust loading coefficient from [7]. If the ,
difference between the required and the calculated value for cip is

appreciable the calculations are repeated using a slightly different
value for kK.

After sufficient agreement between the two values for cg is
obtained both the_ contractionod and the functionf are found

from [18) and [19]. The dlameter D_ follows from [20] , Dy being
assumed from the beginning. The pi%ches and the products (cvl) are

then ascertained from the following relatlons which hold at the
radil x,= r£/7§1 and x5 = ry /Ry, X7 2=

respectively:
2 ( “J =]
!
vy +(Wag)q ¢ (Wai)l Ay
(tan4,), = =
@ry - (Weg)y X~ (W)
As Va

Vo + (Wgg)o + (Wyy)
2 as’2 al’2
(tan/é’) = "

12 Wry - (wts)2 + (wti)g
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Ag

2 (1.6 - (Wgs)y [(1 +E) (1 48) -2 (1 ri)}
As 1 Vg

where

Pi//D1 = 7 xq tan g/’ilfdcl)

Pg/ng = 7 x, tan %af"g)

(cyd)y # 217 G0 (stn £, )y
D, Z

(cpf)p = 27”’1 (1 +2) (sln/i)
D2 Z A2

The design may be checked by means of the following expressions
which held for viscous flow:

T
(c’l‘)visc = fviszc > = ;z [Bl + (1 -s)x1=1B2]
5 vy RyTT
1l y) 2
where B = S S%‘-)- V_> (cos i) (1 -& tan/i) (dx)
1 Vg
(xy)

and (V/vs) = (A/sin/i)
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using incices 1 or 2 on the terms in liackets to obtaia By or By
respectively.

Pyise -2 1
(c.) =-————-—~—~-£—~[c t (1 - 28 ]
p’vise 1 ) =q C2
-g vg’ Rin LD P %=1

1 2

c= [t 1Y Ging) 1€ ;i (zax)
Dl vs tan 1
(xh)

The fcrmer equation may be used to check whether the rumerical

value for the ratio CT/(CT)V c 1s ree-onably assumed when starting
t.» computations. The latter relation gives an estimate of the power
input and, considering the integrals separately, can also be used to
check whether the balance of torque is maintalinsd in viscous flow.

As in the design of single propellers, corrections on the sections
for lifting surface effectg {(additional camber and additional angle
of attack) and for viscous flow (additional angle of attack) are
introduced when determining pitch and camber. Also, the effect of
the hub on the induced velocity may be estimated as outlined in (4).

OPPIMUM CIRCULATION FUNCTION FOR UNIFORM INFLOW AND COMPARISON
WITH THEODORSEN's RESUITS

For uniform inflow, 1.e., for

ws0,t =0, p(x) = A

x
the minimum condition [11} reduces to
tan/égi = l ?5
k x

That 18, the mean pitch of the vertex sheets forms a true helieal
surface. Consequently, the condition of normality 1s satisfled so
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that the relation

a X
=k o
Wt 1

holds in thls case. Then, the equations [lé] for the optimum

circulation are simplified to the following linear system assuming
Xh:’o:'

- 3
L= iii G (M + N )
where
pz1. A
AL
. Ao Ay, b, 2,2
Moy 5z [‘;“2 PRI T
2
_ _sin(ng) [A 2 o=~ a_A A
s T G) Fred &

This s%ftem is solved numerically for the arbitrary values

z = 4,A= 0.80, A; = 0.94. The result obtained 1s compared with
that determined by Theodorsen for hubless propellers by means of
an electrical analogy which 1s based on the fact that a velocity

potential may be reproduced by an electrical potential provided
that the boundary conditions are identical (1§,

The following solution of the set of equations 1s obtained:

6] = 11907 o% =.00024
* o *

G = .00844 Gg = .00005
L7 -

6% = .00417

Thé ensuing circulation distribution G 1s represented on
Figure 3. As compared to the circulation following from
Theodorsen's work, differences arise near x=0 where G goes to zero
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whereas Theodorsen's function remrins finite. Thils difference
arises from the representation of G by a Fourler sine series which
Is not sulted to represent the optimum circulatlion of a hubless
contra-rotating propeller close to the axls. However, for the
essential part of the blade, beiween x about 0.5 and 1, the
agreement is considered satisfactory. Thls result indicates that
the optimum circulation of a contra~rotating propeller with a
finite hub is sufficlently represented by the series chosen for G
also close to the hub.
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_____ From Theodorsen's Electrical Analogy

./o

Figure 3
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